The deflection of a piezoelectric tube, with the outer (or inner) metal coating sectioned into four quadrants, is analyzed. We show that by applying a voltage V on one of the quadrants, the electromechanical deflection is ( Jzd,, VL2/?rDh), where d,, is the piezoel&tric coefficient, L is the length, D the diameter, and h the wall thickness of the tube. The deflections calculated with it agree well with the results of finite-element calculations and direct experimental measurements. The formula can be used in the design and application of tube scanners in scanning tunneling microscopes and scanning force microscopes.
The tube scanner was invented by Binnig and Smith in 1986 .' It soon became the predominant design of piezoelectric scanner used in scanning tunneling microscopy (STM) and scanning force microscopy ( SFM) . A single PZT tube, with the outer (or inner) metal coating sectioned into four quadrants, with voltages applied on, can generate displacements in three dimensions. Its advantages over the tripod scanner are prevailing: higher electromechanical constant, higher resonance frequency, and much smaller size, which greatly simplifies vibration isolation.
The understanding of the basic physics and performance of tube scanners is crucial to its design and application. Several authors have contributed to this scientific problem.*" ' The treatment of the z displacement is straightforward.3 For a piezoelectric tube of length L, wall thickness h, upon application of the voltage V, the z displacement is d,, VL/h. Here, d31 is a relevant piezoelectric coefficient which is given in the product catalog.5 The analysis of the x and y displacement is not that straightforward. Using finite-element analysis, Carr2 obtained the x deflections of tube scanners of 13 different dimensions. These values agree well with measurements. However, from both conceptual and practical point of view, analytic formulas stemming from valid theoretical reasonings, if accurate enough, are preferred. Locatelli and Lamboley' provided a rough estimation based on a simple analysis: For the case of applying opposite voltages to opposite electrodes, the x displacement is amplified by the ratio of the length L and the radius r of the tube over the z displacement. For the case of a single applied voltage on one of the quadrants, Tiedje and Brown" proposed that the amplification factor should be L/2r. However, those estimations are 7%-16% larger than the values obtained from finite-element calculations and direct measurements.*
In this letter, we present an analysis of the x and y deflections of the tube scanner using standard methods in the theory of elasticity,6 following the classical treatment of bimorph' by Curie. ' We also provide a series of direct measurements of the deflections using a precision measuring machine,g*10 with AO.01 pm accuracy. The values of deflections calculated from these formulas agree well with the results of finite-element analysis" and our direct measurements. Those formulas can be effectively used in the design and application of the tube scanners in STM and SFM.
First, we present a treatment of the deflection of a piezoelectric tube with quartered electrodes in the symmetric-voltage mode. To simplify mathematics, we assume that the wall thickness of the piezoelectrics is much smaller than the diameter. Therefore, the variation of strain and stress over the wall thickness can be neglected. As shown in Fig. 1 , two voltages, equal in magnitude and opposite in sign, are applied on the two y quadrants. The inner metal coating and the two x quadrants are grounded. Immediately after the onset of y voltages, a strain in the z direction, S3=d31 V/h, is generated. It in turn creates a stress a, = YS, in the z direction, where Y is Young's modulus. The torque of this pair of forces causes the tube to bend. The bending of the tube generates a torque in the opposite direction. At equilibrium, the total torque in any cross section should be zero. In virtue of the symmetry of the problem, it is sufficient to consider one quarter of the circle. Assuming that the stress generated by the bending is linear with respect to y, the total stress a(0) in the piezoelectrics, as a function of the angle 19, is 0<8<7r/4, a(@= -asine,
The constant a is to be determined by the condition of zero torque. The torque can be evaluated easily by integrating over the angle 0 (see Fig. 1 ). The condition of zero torque is 
The neutral plane, where the stress is zero, lies beyond the periphery of the tube: which is 11% larger than the radius r. This explains the systematic error in previous estimations.3'4 Using elementary geometry, we find the curvature of bending:
Again, using elementary to be geometry, the deflection is found hy=L2/2R=2 &d3,VL2/vDh.
It is convenient to define a piezo constant as K,=dy/dV=2 @d3,L2/n-Dh.
The formula for the x deflection is identical.
In the original design of Binnig and Smith,' the deflection voltage is applied only on one of the four quadrants. The stress is no more antisymmetric with respect to the y=O plane, as shown in Fig. 2 . The general form of the stress should have an additional term: o<e<d4, a(e) = -/3 -a sin e, The two constants are determined by two independent conditions: The total force on any plane to be zero, and the total torque on any plane to be zero. Similar calculation gives 8=a3/4 and a = JG3/= .
Using similar arguments based on elementary geometry, we find
It is not surprising that the deflection by applying one voltage on a single quadrant, Eq. ( 11)) exactly equals one half of the deflection by applying two equal and opposite voltages on two opposite quadrants, Eq. (7). It is simply a consequence of symmetry. Figure 3 shows a comparison of Eq. ( 11) with the results of finite-element calculations by Car? for the 11 cases using PZT-SH. The piezoelectric coefficient5 of PZT-5H is d31= -2.74 A/V. The average deviation between the finite-element calculations2 and the predictions of Eq. (11) is found to be a=; C (Kfini -KS,,,)
where Kfini and Kanal are the piezo constants from finiteelement calculations2 and the analytic treatment, Eq.
( 1 1 
Comparing with the absolute values, 20-260 A/V, the agreement can be considered excellent. The better-than- expected accuracy is probably due to the cancellation of two factors considered by Carr,' i.e., the finite thickness of the tube and the existence of the metal coating. Since the standard tolerances of the piezoelectric coefficient of. PZT are &20% of its typical values,5 Eqs. (7) and ( 11) are sufficiently accurate. Table I shows results of direct measurements of the y deflections of three PZT tubes, provided by EBL." The measurement was made with a Universal Measuring Machine,' with an inductive position transducer and an analog amplifier. lo Each division on this measuring machine corresponds to 0.000 005 in., or 0.127 ym. The least significant digit is about 0.01 ,um. To improve accuracy, the measurement was made with the bipolar mode. Different voltages up to 4=300 V are applied on both sides for several times. The deflections are measured and averaged. As seen, the agreement is good. The data point of Binnig and Smith' is also marked on Fig. 3. To summarize, using methods in the theory of elasticity, we analyzed the electromechanical deflection of a piezoelectric tube, with the outer (or inner) metal coating sectioned into four quadrants. We obtained analytic expressions of the x, y deflections. The values calculated by them agree well with the results of finite-element calculations and direct experimental measurements. These formulas can be used in the design and calibration of STM and SFM with tube scanners.
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